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Abstract 

. We have s tud ied  t h e  inf luence of convective theory uncer ta in t ies  on t h e  frequencies  of solar  
osc i l la t ions .  W e  find tha't t h e  turbulent  pressure p l a y s  a n  important role in s e t t i n g  t h e  
hiqh 1 f requencies  and a lesser  role in  sett inq t h e  low and intermediate JL f requencies .  
The  r ep resen ta t ion  of t h e  turbulent pressure thus is important to t h e  interpretat ion of t h e  
comparison between theory and observat ion.  Th i s  uncertainty has  not previously been 
recognized and may account for some of t h e  differences between the  resul ts  of var ious 
investig.ators s i n c e  t h e  exact value of t h e  turbulent pressure was previously thought to have 
minor importance.  T h e  uncer ta in t ies  in t h e  observed frequencies  of solar  osci l la t ions a r e  
too la rqe  a t  present  to permit us to  reach any conclusions about t h e  s t ruc ture  of t h e  solar 
envelope 

I .  Introduction 

W e  have s tudied t h e  effect on t h e  derived frequencies of t h e  solar  osci l la t ions of using a n  
a l t e r n a t e  theory of convection to  calculate  the thermal s t r u c t u r e  of t h e  solar envelope. T h e  
convective theory normaIIy used to ca lcu la te  the s t r u c t u r e  of s t e l l a r  envelopes is t h e  mixing 
IPnqth theory Th i s  theory is not fundamentally sound so tha t  t h e  derived s t r u c t u r e  is 
uncer ta in .  Ideally,  w e  would use t h e  correct theory of convection to derive t h e  proper 
s t r u c t u r e  in  order to  eliminate t h i s  uncertainty.  Unfortunately,  no correct  theory of 
convection is available and our only way of evaluating t h e  effect  of convective theory is to  
use a different  convection theory and hope that t h e  differenc? between the  derived 
frequencies is indicat ive of t h e  uncertainty induced by convect ion.  To t h i s  end we compare 
the  s tandard mixing Iength theory resu l t s  t o  the r e s u l t s  using t h e  non-local mixing length 
theory described by UIrich (1970a, 1976). T h i s  theory is a n  improvement over t h e  s t anda rd  
theery ir! !hi t  i t  includes the effects of the variation i n  t h e  temperature aradient  over t h e  
dis tance of a mixing length and  der ives  t h e  turbulent pressure and convective flux from a 
similar non-local averaqe . T h i s  theory nonetheless  con ta ins  arbi t rary parameters and 
assumptions l ike the  s tandard theory a n d  is not fundamentally sound.  I t  is none the le s s  
dis t inct  from 3 variety of local theories  such as t hose  due to Speigel (1963), Unno (1967) and  
Cough (1U77) which end up with a formula which r e l a t e s  t h e  convective flux a t  a point in t h e  
envelope to t h e  temperature gradient a t  tha t  same poin t .  T h e  l a s t  theory was primarily aimed 
a i  t h e  development of a time dependent treatment.  Local theories  a s  applied to a s t a t i c  
envelope differ in terms of t h e  specific relationships between t h e  variables but cannot  

* inciude t h e  global coupling found in t h e  non-local theory.  As long a s  t h e  solar  models 
dsduced from t h e  local theories  sat isfy t h e  constraints  of luminosity and radius  defining t h e  
s u n ,  the  var ia t ions in detailed s t r u c t u r e  produced by  t h e s e  differences a r e  more res t r ic ted  
in cha rac t e r  t han  t h e  changes produced by the non-local theory.  ' 

W e  find two e f f e c t s  from usmg t h e  non-local theory - f i r s t ,  t h e  sound velocity is increased 
lus t  beIow t h e  surface d u e  to a s teeper  temperature gradient and second ,  t h e  densi ty  and 
pressure sca le  heights  a r e  lengthened in the  low photosphere d u e  to  turbulent pressure from 
c3nvective oversnoot T h e  second eifect  can also b e  induced in t h e  local mixing length 
theory by increasing the  rat io  of turbulent pressure to superadiabat ic  temperature gradient 
This second e t f rcc  dominates the  frequency changes and causes  t h e  frequencies  to  decrease 
when the  non-local theory IS used or when the  turbulent pressure is increased T h e  changes 
a re  q r r a t e s t  tor the  highest  1 values and also largest  tor the higher t requencies  



11. Convection Theory Uncertainties 

Convection theory applied to  s t e l l a r  atmosphere s t r u c t u r e  con ta ins  seve ra l  a rb i t r a ry  
parameters which are normally related t o  a quant i ty  cal led the mixing l eng th .  The 
atmosphere s t r u c t u r e  equations require  knowledge of the convect ive flux and the turbulent 
p re s su re .  
ver t ical  motions in the  atmosphere.  The f lux  is proportional t o  p < v  He) while the 

turbulent  p re s su re  is proportional to p <v 2 ) .  r 
is the f luctuat ion in the  enthalpy per turbat ion which is approximately equal  to C 

is t h e  heat capaci ty  a t  constant p re s su re  and T' is .the temperature  f luc tua t ion .  Local 
t h e  d i f f e rence  between the a c t u a l  average 'ad' mixing length theory assumes that V - 

temperature gradient  d log T / d log P and the adiabat ic  temperature  gradient  
(a log T / a  log P)s, is cons tan t  over a p re s su re  scale he igh t .  The averages in the 

expressions for the f lux  and  turbulent  p re s su re  are then calculated using some model for the 
motion of the convecting f lu id .  Usually this model t akes  the very simple form of an 
assumption that a m a s s  of f lu id  begins  motion from a s t a t iona ry  condi t ion,  accelerates 
unimpeded for a distance equal  t o  t h e  mixing length and  then abrupt ly  disappears .  
the t r u e  state of a s t e l l a r  a tmosphere is more complex than this assumption. 
a t t en t ion  on  just  two inadequacies of the mixing l eng th  theory: 

Both quant i t ies  are derived from the products of f luctuat ions a s soc ia t ed  with 

r 
The quant i ty  H' in the flux expression 

T'; Cp P 

Clearly 
W e  focus  o u r  

1) The effective distance of t r ave l  involved in t h e  average for < v  H') r 
2 
r need not be the same as the d i s t ance  of t r ave l  for < v  ) .  

2) The temperature gradient  V - Tad changes s ignif icant ly  over a 

p re s su re  scale  height n e a r  t h e  point where t h e  atmosphere becomes 
convectively uns t ab le .  

Although mixing length theory is inadequate  for numerous r easons ,  we concen t r a t e  on  the 
above two points  because they are amenable t o  s tudy with our  present ly  avai lable  numerical  
techniques 

111. The Turbulent  P res su re  

In  the context  of mixing l eng th  theory we can define the point of origin of a mass  of fIuid 
a s  t h a t  point in space  and time when it h a s  a zero average ve r t i ca l  veloci ty .  
acce le ra t e s ,  moves a distance *I in t h e  ver t ical  direct ion and t h e n  l o s e s  its coherence .  
T h e  theory which results may be wf i t t en  in t h e  form: 

This mass 

S 

< v r I i ' )  

v s  c P  

-_ 3 1  2 - a' t~ - 7 ) F a d  

/ .. 11 ' \ . "  '1 I 

r -_ 3 1  2 - a' t~ - 7 ) F a d  v s  c P  
( 2 )  

where and a are roughly to be identified as t h e  e f f ec t ive  r a t io s  of mixing l eng th  to 

pressure s c a l e  height  for t h e  turbulent  veiocity and convective flux respect ively.  
sound speed is v The quant i t ies  a and oc normally contain additional f ac to r s  of 

S V F 
order unrty which account for known thermodynamic der ivat ives  , radiative hea t  exchange 
between t h e  fluid mass  and its surroundings and other  convection model dependent f a c t o r s .  
For the purposes of t h e  exposit ion h e r e  we neglect t h e s e  f ac to r s .  T h e  a c t u a l  caiculat ions 
were made foliowinq the formulation described by Henyey, Vardya and Bodenheimer (1965) with 
a few minor modifications described by UIrich (1970 a ,  b) . 

V F 
The 



When a model atmosphere is calculated,  t h e  s t r u c t u r e  equat ions require t h a t  e s sen t i a l ly  all 
of t h e  flux b e  carrred by convection throughout t h e  uns t ab le  l aye r s  except for a very th in  
zone j u s t  below t h e  point of marginal stabil i ty Consequently,  equation (2) f ixes  (V - 
The tu rbu len t  p re s su re  p { v 2 )  is t h e n  fixed t o  within a f ac to r  of (a l a  ) 2 .  Because 

' 

r V F  
the velocity a n d  enthalpy f luctuat ions need not follow the s a m e  pat tern of growth during the 
motion of the mass of fluid,  t h i s  r a t io  may differ from t h e  value given by the s t anda rd  
mixing l e n g t h  theo ry .  I n  order  t o  s tudy the effect of this uncertainty,  we have  multiplied 
the tu rbu len t  pressure by an additional fac tor  8 .  
theory of Ifenyey et ai (1965). 

When B = 1 we recover the mixing l eng th  

IV. Non-Local Effects 

c T h e  second uncertainty we have  s tudied involves the effects of var ia t ions wi th  depth  of 
z V - Vad on  the loca l  averages < v  ) and < v  H'). The theory described by Ulrich (1970~)  r r 

provides a method for deriving each  of these averages  from an integral  over  the parameters 
throughout a nearby region of t h e  atmosphere.  The algorithm for computing the s t r u c t u r e  
i te ra t ive ly  c o r r e c t s  the temperature distribution until the non-local averages produce a 
convective fiux which is equal  t o  t h e  t o t a l  flux m i n u s  t h e  radiative flux throughout the 
convective envelope.  Because of t h e  extended and  complicated coupling which this formulation 
provides,  convergence of t h e  algorithm is slow a n d  usually produces flux constancy t o  within 
2 t o  3 pa , cen t .  The final model is nonetheiess s ignif icant ly  different from the local 
convection maodel and is we11 enough defined that meaningful comparisons are possible.  The 
prrncipal differences between the non-local and the loca l  models are: 

1) The locat ion of the maximum in B - Vad is displaced inward by about 

o n e  half a p res su re  scale he igh t  and the value of t h e  maximum In 
is roughly doubled. - 'ad 

2) T h e  nominally s t a b l e  region just outside t h e  point of marginal 
2 
r Stabil i ty has non-zero <v ) because of convective overshoot .  

2 
r The overshoot turbulent  p re s su re  is similar to t h e  uncertainty in ( v  ) discussed above in 

the context of the loca l  convective t h e o r y .  

V .  T h e  Models 

W e  have identified two areas of uncertainty in t h e  convect ive theory describing t h e  so l a r  
envelope: 1) The ra t io  of turbulent pressure t o  convective flux and 2) T h e  detailed 
temperature gradient  near the point of marginal convective s t ab i l i t y .  In order to s tudy 
t h e s e  two effects we have computed three solar models which have character is txcs  given in 
T a b l e  1 .  

TABLE 1 
SOLAR MODELS 

- -  - 

n i--- and B = 1 .  1 M o d e l  2 

I M o d e l  3 Non-local convection theory model using t h e  
1 Ulrich (1970~)  i terative procedure.  i 

M o d e l  1 Standard so la r  model - loca l  convective theory 

Local convective theory model with B = 1 . 5  

I 

These models have VCLA reference numbers of 22L, 38,  and 41 respectively. The previous 
standard model was 22C. 
and 2. 
our previous conclusions based on model 22C. The VCLA reference numbers will not be used 
elsewhere in this report. 

This model did not have proper consistency between equations 1 
This inconsistency which has now been corrected does not appear to alter any of 



T h e  s t ruc tura l  changes produced by a l te r ing  t h e  value of p can  be  seen by comparing Models 1 
and 2 .  
differences between the models which have been interpolzted so t h a t  points  at equal  d i s t ances  
below t h e  layer with optical  depth uni ty  are compared. T h e s e  d i f fe rences  are then plotted a s  
funct ions of t h e  depth below t h i s  same zero point .  T h e  change i n  B displaces  t h e  run of 
physicai variables so tha t  t h e  model with smaller B h a s  larger  temperature  and d e n s i t y .  
change is smooth but involves essent ia l ly  a l l  t h e  convection zone. In  c o n t r a s t ,  t h e  use of 
t h e  non-local convection theory produces complex changes near t h e  surface where t h e  detailed 
temperature and density s t ra t i f ica t ion  is redis t r ibuted.  T h e  overshoot p rocess  a l t e r s  t h e  
s t r u c t u r e  in t h e  optically t h i n  layers  which were unchanged by t h e  tu rbu len t  p re s su re  
var ia t ion.  Models 2 and 3 a r e  compared ra ther  t h a n  1 and 3 since Model 2 matches Model 3 
more ciosely in the  deeper par t s  of t h e  convection zone and t h u s  provides a more d i rec t  
indication of t h e  specific inf luence of t h e  non-local convection theory .  
change in t h e  asymptotic behavior is n o n t h r l e s s  similar to t h e  change brought about by a 
change i n  8 although of opposite s ign .  Consequently,  t h e  two effects are combined in t h e  
comparison of Models 2 and 3 .  
2 and 3 is larger  than t h e  difference between Models 1 and 2 .  

Figure 1 shows this comparison in t h e  two r ight  hand panels .  Each panel shows 

T h e  

T h e  remaining 

I Note in particular t h a t  t h e  densi ty  difference between Models 

V I .  T h e  Frequencies and abse rva t ions  

E‘igure 2 shows the  increase i n  frequency caused by decreasing 6 from 1 . 5  t o  1 . 0  on t h e  left. 
On t h e  right Figure 2 shows t h e  inc rease  in frequency caused by using t h e  local  convection 
theory instead of t h e  non-local theory .  
higher density and temperature in  t h e  deeper par t s  of t h e  envelope of Model 2 a s  compared t o  
Model 3 .  Note however t h a t  a t  t h e  higher values of 3 and  1 t h e  pa t t e rn  of frequency change 
differs between t h e  two par t s  of Figure 2 .  
to distinguish between t h e  e f f e c t  of 6 and t h e  effect  of t h e  non-local t h e o r y .  For values 
of 1 less t h a n  100 the frequency s h i f t s  were  smaller t han  those  shown in Figure 2 .  

A t  Ieast  par t  of t h i s  change is a r e s u l t  of t h e  

T h i s  pa t te rn  difference in principie can  be used 

T h e  availabte observations fal l  in to  t h r e e  groups: f i r s t ,  t h e  global osci l la t ions which have 
been measured by Claverie, e t  a1 (1979), Crec, Fossat and Pomerantz (1980) and Woodard 
(1984); second,  t h e  intermediate degree modes which have been measured by Duvall and Harvey 
(1983), and Harvey and Duvall (1984); and t h e  high degree modes which have been measured by 
Deubner, Ulrich and Rhodes (1379) and Deubner (1983). T h e  global modes have t h e  most 
precisely measured frequencies and t h e  high degree modes t h e  Ieast  precisely measured 
frequencies .  
possible convection mode l s  and t h e  high degree frequencies  a r e  not precise enough to  provide 
c lear  evidence. In fact even for t h e  intermediate degree modes t h e  uncertainty in t h e  
frequencies given by Harvey and Duvall (1984) for t h e  modes with R above about 40 pHz is 10 
#Hz and t h i s  uncertainty is large enough to  prevent u s  from drawing definite conclusions.  
Figures 3 to  5 show the comparison. between t h e  theory and observat ions.  
reasonably good agreement with Karvey and Duvall (1984) although t h e  erratic t rend  in A3 
indicates  t h a t  e i t h e r  the  models or t h e  observations a r e  inaccura te .  T h e  e r r o r s  in the 
frequencies for the  high R modes a r e  c lear ly  too large to  permit  a discrimination between 
t h e  models. On ly  Model 3 appears  to be  noticeably less sat isfactory than  t h e  o t h e r s .  

Unfortunately, t h e  low degree modes a r e  not able  t o  dis t inguish between t h e  

Model 1 is in 

I n  summary, w e  draw t h r e e  conclusions: 

1) T h e  representat ion of t h e  turbulent pressure is a n  important par t  of 
mixing length theory.  

2) T h e  difference between t h e  effects of turbulent  p re s su re  and t h e  non- 
local convection theory can  be measured a t  high 1. 

3) T h e  low 1 mode frequencies  a r e  only s l ight ly  dependent on t h e  
convection zone u n c e r t a i n t i e s .  

4) Present  frequency measurements a r e  inadequate to permit us  to r each  
any ConcIusions concerning t h e  properties of t h e  soiar  convection zone .  
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